BASIC REPRESENTATIONS OF
ARBITRARY SEMIGROUPS
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In a series of papers, [9], [10], [11], [13], W. D. Munn has considered the problem
of constructing all irreducible representations of a semigroup by matrices over a
field. In [13] he has shown that the irreducible representations of an inverse semi-
group are determined by irreducible representations of Brandt semigroups in the
following manner. For any O-restricted irreducible representation I" of a semigroup
S=.5° let

M = {xe S : ae S\0 implies rank I'(x) < rank I'(a)}.

Then M is an ideal of S and I' is uniquely determined by its action on M. If S'is an
inverse semigroup then I'(M) is a Brandt semigroup. Further M has a maximal
O-restricted Brandt semigroup homomorphic image M* and there is a unique
irreducible representation I'* of M* such that the diagram

M
T|M
©.1) 7 r'(M)
I‘*
M*

commutes, where 7 is the natural homomorphism of M onto M*. Thus T is
uniquely determined by the irreducible representation I'* of the Brandt semigroup
M*.

In [6], the present author generalised the method of [13] to show that, for certain
types of semigroups, in particular for regular semigroups and periodic semigroups,
the irreducible representations are determined by those of associated completely
0-simple semigroups. If S is a semigroup of one of these types and I is an irre-
ducible O-restricted representation of S then I'(M) is completely 0-simple and M
has a maximal O-restricted completely O-simple homomorphic image M *. Further
I" induces a unique representation I'* of M* such that (0.1) commutes. Thus I' is
uniquely determined by the irreducible representation I'* of the completely
0-simple semigroup M*. If S is an entirely arbitrary semigroup however I'(M)
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need not be completely 0-simple nor need M have a maximal O-restricted com-
pletely O-simple homomorphic image. (For example the mapping x* — n, 0 — 0 is
an irreducible O-restricted representation of the infinite cyclic semigroup, with
zero adjoined, T, of degree one over the rationals, thus M =T is not completely
0-simple; further T has no maximal completely 0-simple homomorphic image.)
Hence the methods of [13], [6] do not suffice to give a satisfactory description of the
irreducible representations of arbitrary semigroups.

In this paper we use Theorem 1.5 of [7] and the result in italics below (a corol-
lary to Theorem 3.7), which is of independent interest, to show, in Theorém 6.4,
that, although the techniques of [13], [6] are inapplicable, the irreducible repre-
sentations of an arbitrary semigroup are also determined by those of certain
associated completely 0-simple semigroups which depend only on S.

Let H= H° be a semigroup of linear transformations of a finite dimensional vector
space V. Suppose that all nonzero elements of H have the same rank and that
H has no nonzero left or right annihilators. Then H is contained in a completely
0-simple semigroup of linear transformations of ¥V.

The techniques used to prove Theorem 6.4 may be applied to a type of matrix
representation which is more general than an irreducible representation; we call
this type of representation basic. A representation I' of a semigroup S=S° by
linear transformations of a finite dimensional vector space ¥~ is basic if, for each
ideal N of S such that I'(N)#0, ¥"I'(N) spans ¥~ and ['(N) annihilates no nonzero
subspace of 7. Thus every proper representation of a group is basic. Further
Theorem 3.12 shows that, for a completely C-simple semigroup, the basic rep-
resentations defined here coincide with those defined by A. H. Clifford in [1], [2].
The main theorem of §6 gives an explicit method for constructing the basic rep-
resentations of an arbitrary semigroup modulo the basic representations of com-
pletely O-simple semigroups (by Theorem 3.12, the latter may be regarded as well
known).

The prevalence of basic representations of a semigroup depends on its “group-
like”” character. In fact Theorem 2.4 shows that every proper representation of a
finite semigroup S=S°, over a field ®, is basic if and only if S is 0-simple and the
contracted semigroup algebra ®,[S] of S is isomorphic to a full matrix algebra
over a group algebra. In §7, sufficient conditions are given on a semigroup S=.S°
in order that each representation of S, over a field @, should decompose into basic
representations; if this is the case, we say that S is quasi-simple over ®. These
conditions permit us to prove the result, which can be deduced from G. B. Preston
[14], that an inverse semigroup is quasi-simple over every field. (In a sequel to this
paper, [8], we consider finite semigroups which are quasi-simple over a field. The
results of that paper demonstrate further the relationship between the grouplike
character of a finite semigroup and the prevalence of its basic representations.)

The basic representations I' of a semigroup S=S° are the most general rep-
resentations of S with the property that I'(S) is the extension, in a natural manner,
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of the ideal consisting of 0 and the elements of minimal nonzero rank. This ideal is
homogeneous and in §§3, 4 we consider in some detail homogeneous semigroups
of matrices and representations whose images are such semigroups. The material in
§4 is of a technical nature and is required for the proofs of the results in §§6, 7.
Using the results obtained in §4, we are also able to give, in §5, a method for
constructing all representations of an arbitrary 0-simple semigroup (again moduio
the theory of [1], [2]).

Finally, I should like to express my gratitude to A. H. Clifford for reading a
rough draft of this paper and for many helpful suggestions concerning the presenta-
tion of the material contained here.

1. Preliminaries. Except for those concepts explicitly defined here, we shall
use the terminology and notation of Clifford and Preston [3]. We shall also assume
familiarity with the results of [3], §§5.1-5.4, and with [7], §§1 and 2.

The following lemma from [7] characterises completely 0-simple semigroups.
This characterisation and the conditions which it introduces will play an important
part in the theory contained in this paper.

LEMMA 1.1. Let S=S° be a semigroup, then S° is completely 0-simple if and only if
the following conditions are satisfied:

C,:if, fora,x,be S, axb=0 then ax=0 or xb=0;

C,:if, fora,be S, aSh=0 then a=0 or b=0;

Cs: if, for a, b, x, y € S, ax=bx+#0 and ya=yb+#0 then a=b;

C,: for each a € S such that a®+#0, there exists a unique element a=* € S such that

a = aa ‘a, al=a‘'aa "}, aa ! = ala.

A semigroup S=S° which obeys C, is said to be categorical at zero; if S obeys C,
it is said to be indecomposable at zero; if S obeys both C, and C, it is said to be
0-primary. If S obeys Cj it is said to be weakly 0-cancellative while C, is equivalent
to the assertion that each element of .S whose square is nonzero belongs to a sub-
group of S.

The main tool in this paper is Theorem 1.5 of [7] and a generalisation thereof
(Theorem 1.6). In order to apply Theorem 1.5 of [7], we need some information
concerning the structure of the completely O-simple semigroup %(S) whose ex-
istence is asserted in that theorem. The major part of this section is devoted to
obtaining this information and to proving Theorem 1.6.

Let S=S° be a completely O-simple semigroup and let 5# denote the usual
Green’s equivalence on S; [3, p. 48]. Then 5 is a congruence on S and S/ is a
rectangular 0-band; [4, p. 69]. In particular, if a, b, x, y € S then

(i) ifaxb # 0, ayb # 0 then (axb, ayb) € ¥,

(1) (ii) if axa # 0, then (a, axa) € #,
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These results are easily deduced from the fact that S is isomorphic to a regular Rees
matrix semigroup #°G; I, A; P); for here, ((x; i, ), (y;j, pn)) € # if and only if
i=jand A=p.

LemMA 1.2. Let S=S° be a 0-primary semigroup and let N be a nonzero ideal of S.
Then each #-class of €(S) contains an element of Nv, where 7 is the natural 0-
restricted homomorphism of S into €(S).

Proof. We show first that the lemma is true for N=S. As in [7, Theorem 1.5],
#(S)=\J {S, : n20} and we use induction on n to show that, if x € S,, then
(x, sn) € # for some s € S. Since S,=S, this is immediate if n=0.

Suppose that the result is true for » and let x € S,,,\S,. Then x is a product
of elements of S, and their inverses and hence there exist ,ve€ S,, y € S, ., such
that x=uyv. By induction hypothesis, there exist s, 7 € S such that (u, sn) € H#
and (v, t) € #. Since 5 is a congruence on €(S), this implies (x, sny(tn)) € .
Since x#0, neither of s, ¢ is zero and thus, because S is indecomposable at zero,
there exists w € S such that swe+#0. Since %(S) is completely 0-simple, it follows
from (1.1), (i), that (sny(tn), (swt)n) € # and hence (x, (swt)y) € S But swte S
so that the result is true for x € S, . ;. Hence, by induction, it is true for any x e €(S).

Let s € S\0; then, since S is indecomposable at zero, there exists m € N such that
sms#0 (let ne N\O, then sSn#0, nSs#0 and so 0#sSn-S-nSs<sNs). Then
smse N and, by (1.1), (ii), (s, (sms)n) € # Thus, since each H#iclass of €(S)
contains an element of Sy, each #-class contains an element of Nx.

COROLLARY 1. Let S=S° be a 0-primary semigroup. Then €(S)/5# is the maximal
rectangular 0-band homomorphic image of S.

Proof. This is almost immediate from Lemma 1.2 and [7, Theorem 1.5].

COROLLARY 2. Let S=S° be a O-primary semigroup and let N be a nonzero ideal
of S. For each x € €(S) there exist u, v € N, y € €(S) such that x=(un) y(vy).

Proof. If x#0 then there exist idempotents e, f€ €(S) such that x=exf. By
Lemma 1.2, there exist u, v e N such that (un, e) € 5, (vn, f) € #. These imply
e=(un)(un)*, f=(n)(vy)~* thus, if y=(un)~'x(vn)~' we have x=(un)y(vn) as
required.

A semigroup S=S° is said to be a O-direct union of a family {S; : i € I} of its
subsemigroups if

@) S=U{S:iel);

(b) if i#j then S; N S;=0=S;S,.

If (a) and (b) hold, we write S=0{S; : i € I}. Note that conditions (a) and (b)
together imply that each S, i € [, is an ideal of S.

Preston [14] and Lallement and Petrich [5] have shown that a semigroup S=S°is
a O-direct union of completely 0-simple semigroups if and only if it is regular and
each idempotent is primitive; following Preston [14], we say that such a semigroup
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is primitive regular or p-regular. Lallement and Petrich have also shown, [5,
Corollary 5.13], that a semigroup S=S°is a 0-direct union of 0-primary semigroups
if and only if S is categorical at zero and obeys

C, :forae S, if aSa = 0 then a = 0.

The following lemma, whose proof is straightforward, shows that C; is equivalent
to the condition that S has no nonzero nilpotent ideals.

LeMMA 1.3. A semigroup S=S° is without nonzero nilpotent ideals if and only if it
obeys C; S is semisimple if and only if each nontrivial homomorphic image obeys Cs,.

The proof of the following lemma is routine; it is thus omitted.

LEMMA 1.4. Let S=0{S;:icl} and T=0{T, : « € A} be O-direct unions of
0-primary semigroups. Let 0 be a O-restricted homomorphism of S into T. Then there
exists a mapping ¢: I — A and, for each i € I, a O-restricted homomorphism 6; of S;
into Ty, such that, for each a € S;,

(1.2) af = ab,.

Conversely, given ¢:1— A and 6;: S; — T,, the mapping 0 defined by (1.2) is a
0-restricted homomorphism of S into T.

If S=S°is a subsemigroup of a p-regular semigroup T then there need not be a
minimum p-regular subsemigroup of T which contains S. However, if S is in-
decomposable at zero and T is completely 0-simple, it follows from the results of [7]
that there is a minimum completely O-simple subsemigroup of T containing S.
Suppose now that S is the O-direct union of a family {S, : i € I} of O-primary
semigroups and that S is a subsemigroup of the p-regular semigroup
T=0{T, : o € A}. Then, for each i € I, there exists ip € A such that S,=T;,. Hence
there exists a completely 0-simple subsemigroup S, of T;, generated by S;; S, is
clearly the completely 0-simple subsemigroup of T generated by S,.

LeMMA 1.5. Let S=S° be the O-direct union of O-primary semigroups {S, : i € I}.
Suppose that S is contained in a p-regular semigroup T and, for each i € I, let S, be
the completely O-simple subsemigroup of T generated by S,. Then, if i#j, § N S,
=0=3,S, and S=0{(S, : i € I} is the minimum p-regular subsemigroup of T which
contains S.

Proof. Clearly | {S; : i € I} is contained in any p-regular subsemigroup of T
which contains S so that we need only show S, N §,=3§,5,=0 if i#j. If S, S;
belong to different completely 0-simple components of 7, this is clear so we may
suppose that S;, S; belong to a completely 0-simple subsemigroup of 7.

S;=\U {S;» : n20} where S,=S;, and S,,,, is generated by the elements of S,
and their inverses. We use induction on » to show that, if i#j,

(1.3) S{ N S; = 0 = Stgj = ngi;

a similar argument then proves the stronger result.
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It is clear that S; N S;,=0=S,S,,=S;,5; when m=0, so suppose that it is true
with m=n, and let x€ S, ,,. Then, as in Lemma 1.2, x=uyv where u, v € Sj,.
Hence, by induction hypothesis,

Sx = Suyv = 0 = wyvsS; = x8;.

Further, since S; is indecomposable at zero, it is impossible that x € S; N S;,,,\0.
Thus, by induction, (1.3) is true.
Theorem 1.6 now follows easily from Lemmas 1.4, 1.5 and [7, Theorem 1.5].

THEOREM 1.6. Let S=S° be a semigroup which is categorical at zero and has no
nonzero nilpotent ideals. Then there is a p-regular semigroup P(S) and a O-restricted
homomorphism 7 of S into P(S) such that

(a) 2P(S) is generated by Sy as a p-regular semigroup;

(b) given any O-restricted homomorphism 0 of S into a p-regular semigroup T
there exists a unique O-restricted homomorphism ¢ of P(S) into T such that the

diagram
\

2(8)

commutes;

(©) if S=0{S,:i€l} where each S is O-primary, then P(S)=0{€(S) :iel}
where €(S;) is the unique completely 0-simple semigroup determined by S, as in
[7, Theorem 1.5];

(d) if T is generated, as a p-regular semigroup, by S0, then ¢ is onto T.

2. Basic representations (Introduction). By a representation of a semigroup
S=S°, of degree n over a field @, we mean a homomorphism I' of S=.5° into the
algebra [®], of n x n matrices over ®, or, equivalently, into the algebra £ (¥") of
linear transformations of an n dimensional vector space ¥~ over ®, such that
I'(0)=0. A representation I' of $=.S° by linear transformations of the finite
dimensional vector space ¥~ over ®, is basic if, for each ideal N of S such that
T'(N)#0,

(i) #T'(N) # 0 whenever % is a nonzero subspace of ¥";

@D Gy pran) =7

where, for any nonempty subset & of ¥, [Z] is the subspace of ¥~ spanned
by Z.
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There is a natural one-to-one correspondence between the representations of a
semigroup S=S° over ® and those of the contracted algebra ®,[S] of S over D.
This correspondence preserves the equivalence, decomposition and reduction of
representations. In general, it seems difficult to define representations of an arbi-
trary ring so that, when we consider semigroup algebras, the representations under
consideration are just those induced by the basic representations of the semigroup.
(For example, if we define an R-module A4 to be “basic” if the analog of (2.1) holds
for all ideals N of R such that 4- N#0, the radical induced on R by the “basic”
R-modules lies between the prime radical and the Jacobson radical; if R is com-
mutative, it is just the prime radical. Hence, for a finite semigroup, the *“basic”
representations are completely reducible; this is, in general, not the case for basic
representations.) As far as O-simple semigroups are concerned however, one can
easily characterise the basic representations directly in terms of the contracted
algebra. At the end of this section, we shall indicate how this approach can be used
to give necessary and sufficient conditions on a finite 0-simple semigroup in order
that every proper representation should be basic; we shall not prove the result in
detail as equivalent results are given in [8].

In the case of arbitrary semigroups, it is more natural to approach the problem of
constructing the basic representations directly through the semigroup rather than
through the contracted semigroup algebra. Theorem 2.1 gives a characterisation of
basic representations of an arbitrary semigroup in terms of basic representations of
completely 0-simple semigroups (by Theorem 3.12, the latter can be regarded as
well known). Theorem 2.1 is an immediate corollary to Theorem 6.2; we state it
here since it motivates much of the material in §§3 and 4.

Let T" be a representation of a semigroup S=S°, of degree n over a field ®.
Then, following Munn, {13], we define

V()={xeS: I'(x)=0};

r(I)=min {rank I'(x) : x e S\V(I)};

M@)={xe S : rank '(x)=r} v V().

Clearly V(I') and M(T") are ideals of S and V(I')= M(T") unless I' is the null
representation of S; V(I') is called the vanishing ideal of T'. If there is no risk
of ambiguity, we shall write ¥ for V(I') and M for M(T'); we shall also reserve
the letters ¥ and M for the V(I') and M(T") of an associated representation.

A pair (U, N) of ideals of a semigroup S=S°, with U< N, is a primary pair if

(a) S/U is indecomposable at zero;

(b) N/U is categorical at zero;
thus S is O-primary if and only if (0, S) is a primary pair. Note that, since N/U
is an ideal of S/U and the latter is indecomposable at zero, N/U is O-primary.

THEOREM 2.1. Let S=S° be a semigroup and let T be a representation of S of
degree n over a field ®. Then T is basic if and only if
(@) (V, M) is a primary pair;
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(b) I induces a (unique) representation I'* of €(M|V) into [®), such that the
diagram

M
T|M
¢ [@].
l"*
eM[V)

commutes, where y=fy with f the natural homomorphism of M onto M|V and n
the natural O-restricted homomorphism of M|V into €(M|V).

If S=S°is a 0-simple semigroup, then it is immediate that a nonnull representa-
tion I' of S over @ is basic if and only if

(i) UI'(®,[S]) # 0 whenever % is a nonzero subspace of ¥
(i) [P T(D[SD] = 7~

With this in mind, we define an R-module 4 (R any ring) to be weakly basic if

2.2)

(i) for each nonzeroae 4,a-R # 0;

@3 (i) [4-R] = 4;

where [Z] denotes the subgroup of A generated by the nonvoid subset Z. The
weak basic radical #'(R) is {x € R : A-x=0 for each weakly basic R-module A4}.

THEOREM 2.2. Let R be any ring that is generated (as a group) by R2. Then
#(R) = {xeR: RxR = 0}.

Proof. It is easy to show that, if x € B(R)={x € R : RxR=0}, then 4-x=0 for
each weakly basic R-module A. Conversely, given the hypothesis on R, one can
show that R/B(R) is a weakly basic R-module and that R/B(R)-x=0 if and only if
x € B(R).

Since S$2=S for any (finite) 0-simple semigroup, ®,[S] is generated (as a group)
by ®,[S]? and thus the basic radical

Bo(S) = {x € Dy[S] : T'(x) = 0 for all basic representations of S over ®}

of ®,[S]is given by Theorem 2.2. In fact, using the results of [3, §5.2], we have the
following theorem.

THEOREM 2.3. Let S=.#°%G; m, n; P) be a finite 0-simple semigroup and let ® be
a field. Then #4(S)={x € ®y[S] : SxS=0}.

Further, the following are equivalent

(1) Z4(S)=0;

(2) P is invertible over ®[G];

(3) ©,[S] has an identity;
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(4) m=n and ©,[S] is isomorphic to the algebra of all n x n matrices over ®[G];

(5) S is quasi-simple over ®; that is, each nonnull indecomposable representation
of S over ® is basic;

(6) each proper representation of S over ® is basic.

REMARK. Lallement and Petrich, [S, Theorem 2.1], have shown that, in the Munn
algebra B isomorphic to @,[S] see [3, p. 162], the (Jacobson) radical is given by

rad B = {X B : PXP is an n x m matrix over rad ®[G]}.

Their proof of this result uses the structure of irreducible representations of a
completely 0-simple semigroup. It can, however, be adapted to yield the character-
isation of #4(S) given in Theorem 2.3.

Theorem 2.3 characterises those finite O-simple semigroups with the property
that each proper representation, over a field @, is basic. The following theorem
shows that it essentially characterises all finite semigroups with this property. To
prove the theorem, we make use of the fact that, for each ideal N of a semigroup
S§=S° there is at least one representation of S, over a field ®, with vanishing
ideal N. (For example, let  be a one-to-one mapping of S*\N onto a basis for a
| S*\N |-dimensional vector space ¥~ over ®. For each a € S, x € S\N define

xnl'(@) = (xayn ifxa¢ N,
=0 otherwise,

and extend I'(a) linearly to all of ¥ Then the mapping I': a — I'(a) is a representa-
tion of S with vanishing ideal N; hence the proper part of I' has vanishing ideal N.)

THEOREM 2.4. Let S=S° be a finite semigroup and let ® be a field. Then each
proper representation of S over @ is basic if and only if S is 0-simple and satisfies
the conditions (1) through (6) of Theorem 2.3.

Proof. Suppose that every proper representation of S is basic. If .S is not O-simple
then S2=0 or S has a nonzero proper ideal N. In the former case, it is immediate
from Theorem 2.1 that S can admit no O-restricted basic representation. Hence
S2£0.

If N is a nonzero proper ideal of S, let I'; be a proper O-restricted representation
of S with underlying vector space ¥7 and let I', be a proper representation of S with
vanishing ideal N and underlying vector space ¥3. Then I'=T"; @ I'; is a proper
representation of S with underlying vector space ¥"=%; @ 7. However

YT(N) = V1T1(N)+75T4(N) = ¥Iy(N) < 74

Hence I' is not basic.

Thus S is O-simple if each of its proper representations is basic and so, from
Theorem 2.3, obeys the conditions (1) through (6). Conversely, of course, Theorem
2.3 shows the sufficiency of the conditions.
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3. Homogeneous semigroups of linear transformations. Throughout this section,
let ¥~ be a vector space of dimension n over a field ®. Let « € £J(¥") and denote
by ¥ « the range of «, by No the null space of « and by |«| the rank of e=dim ¥ .

A subsemigroup H=H?° of L7 (¥") is said to be homogeneous if all nonzero
members of H have the same rank; clearly any 0-simple subsemigroup of £.7(¥")
is homogeneous. In this section we shall obtain some properties of homogeneous
semigroups which will be needed later; certain of these are interesting in their own
right.

LemMMA 3.1 [13]. Let H=H° be a homogeneous semigroup of linear transforma-
tions of a finite dimensional vector space; then H is categorical at zero and weakly
0-cancellative.

COROLLARY. Let I' be a representation of a semigroup S=S° of degree n over a
field ®. Then T'(M) is categorical at zero and weakly 0-cancellative.

Proof. From the definition of M, I'(M) is clearly homogeneous.
The following lemma is essentially given in [3, Exercise 6(f), p. 57].

LEMMA 3.2. Let a € LT (¥") be such that |o?|=|a|. Then ¥ =¥%"a @ No and
a=eo’ where ¢ is the projection of ¥~ on ¥ o and &' is a nonsingular linear trans-
formation of ¥ « onto itself.

COROLLARY [3]. If |«|=|a?| then there exists a unique «=* € LT (¥") such that

1

o = ao” e, ! 1 !

=olae"l, ax”! =oa"la; (@' = e(a’)7?).

LeMMA 3.3. If || =|e?| and Ua< U where U is a subspace of ¥ then e~ '< U,
if % is a subspace of ¥~ and Ua=¥ where Ho=¥ then Ua <.

Proof. We use Lemma 3.2 and its corollary. Let %,= %o< % and let %, be
such that Ya=%, @ %,; thus V' =%, @ U, ® N«. Since U=V «, U
= Y,0< %, and hence, since «’ is nonsingular from ¥« onto ¥'«, % e'= %,.
Thus (Xe)o' = U, = U< Ue. Since Ue<¥ a, this implies (%e)e’' = Xe; that is,
U, = %e. But this means

%a_l = %e(a’)_l = "le(a')'l = %la'(a')'l = %18 = %1.

Thus we have the first assertion of the lemma.

For the second part, let Zo=%; then %o~ 1= Uoc~2=% o2, But, by the first
part, ¥« 2c¥.

Let H=H° be a homogeneous subsemigroup of £ (¥") and let

FH)={ceLT(¥):¥a="90, Nu= Nrforsomeo, 7€ H}.

Then F(H) is called the fill-out of H. The reason for this name is explained by the
following considerations. In £ (¥") define «~f if and only if ¥ «=%"B and
No=NB. Then ~ is an equivalence on £J(¥") which coincides with the Green
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equivalence S If we imagine £ (¥") arranged in the familiar egg box pattern
(cf. [3]), then F(H) is obtained from H by filling out the #-classes of LT (¥")
which contain elements of H and then filling out the corners of all subrectangles
whose sides contain these H#>classes.

LEMMA 3.4. Let H=H®° be a homogeneous subsemigroup of LI (¥") and let
o, B€ H. Then either ¥ o N NB=0 or ¥ a< NB.

Proof. We have either |«B|=|B| or |«B|=0. In the latter case, we clearly have
¥ o< NB. In the former case, since ¥ «8< ¥ B, we must have ¥ «f=7"8 and hence,
since |a|=|B|, ¥« N NB=0.

LEMMA 3.5. Let H=H° be a homogeneous subsemigroup of LI (¥"). Then
F(H) is a homogenous subsemigroup of LT (¥").

Proof. Leto, B e #(H); then ¥ a="%"0, N8= N7 for some o, 7 € H. In particular,
¥« N NB=%"oc N Nt and hence, by Lemma 3.4, either ¥« N NB=0 or ¥ «< NB.
In the first case, ¥ «f=7"8 and Nef= No while in the second case «f=0. Hence
Z(H) is a semigroup; it is clearly homogeneous.

Theorem 3.7 gives the structure of & (H) for a large class of semigroups. To state
the theorem, we'require the following definition. The biannihilator of a semigroup
S=S8°1is the subset B(S)={x € S : SxS=0}; B(S) is clearly an ideal of S.

PROPOSITION 3.6. Let S=S° be categorical at zero and let B(S) be the bianni-
hilator of S. Then S= S5 U B(S) where § N B(S)=0 and S= 5 is a subsemigroup of S.

Proof. Let S=(S\B(S)) U0 and let a,be S with ab#0. Since a, b € S\B(S)
there exist x, y such that xa#0##by. Because S is categorical at zero this implies
xaby#0 so that ab € §. Hence S is a subsemigroup and clearly S=38 U B(S) and
B(S) N §=0.

In Proposition 3.6, S is the O-disjoint union of the subsemigroups S and B(S).
In general, it is not the O-direct union of these subsemigroups; see the example after
Theorem 3.7.

THEOREM 3.7. Let H=H® be a homogeneous subsemigroup of LI (V). Then
F(H) is completely 0-simple if and only if B(H)=0.

Proof. Suppose that #(H) is completely O-simple and let 048 € H. Then, by
Lemma 1.1, there exist «, 8 € #(H) such that «88#0. By the definition of F(H),
there exist o, 7 € H such that ¥ «=%"0, N8=Nr. If ¢8=0 then 0=%"08=7"ad
which implies «6=0; a contradiction. If 87=0, then ¥ 8<Nr=NB so 88=0;
again a contradiction. Hence, since H is categorical at zero, ¢67#0. Thus B(H)=0.

Conversely, by Lemmas 1.1, 3.1 and 3.2 Corollary, we need only show that
B(H)=0 implies #(H) is indecomposable at zero. Let «, 8 € #(H)\0; then there
exist o, 7 € H such that ¥'«=%"0, N8=Nr. Since B(H)=0, there exist u,ve H
such that ou #0, vr#£0; thus such that ¢ N Nu=0, ¥v N Nr=0. But H homo-
geneous implies dim ¥ o+dim Nu=dim ¥ and hence ¥ =%"c @ Nu. Let ¥ be a
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nonsingular linear transformation of ¥"¢ onto v and extend y’ to ¥ by defining
xy’ =0 for each x € Nu; call this linear transformation y. Then Ny=Nu, ¥ y=""v
so that ye F(H) while ¥ ay=%"0oy=%v and ¥y "N NB=¥"v N Nr=0. Thus
ay#0, yB+#0 and hence, since H is categorical at zero, ayS#0.

COROLLARY. Let H=H® be a homogeneous semigroup of matrices. If H has no
nonzero nilpotent ideals then #(H) is completely 0-simple; in particular, this is true
if H is indecomposable at zero.

Proof. For any semigroup H=H°, B(H)}*< HB(H)H=0. Hence, if H has no
nonzero nilpotent ideals, B(H)=0.

By means of Zorn’s Lemma, one can easily show that any homogeneous sub-
semigroup of 7 (¥") is contained in a maximal such subsemigroup. The following
example shows that the maximal homogeneous subsemigroups need not be com-
pletely O-simple.

ExampLE. Let @ be a field and let ¥~ be a vector space of dimension 5 over ®.
Let % be a three dimensional subspace of ¥~ and let

H={eeLT): |o| = 2, N = %andeither Vo < % or Vo N U = QU{O}.

Then H=H° is a maximal homogeneous subsemigroup of £ (¥"). But B(H)
={a : ¥"«< %} is nonzero so that H is not completely O-simple. In fact, H= B(H )
U {e : ¥« N %=0} where the latter is completely O-simple. Further, no element
of H\B(H) is a left zero divisor in H. Hence, in the notation of Proposition 3.6,
H is not the 0-direct union of B(H) and H.

Examples can also be given to show that a maximal homogeneous subsemigroup
of LT (¥") can be completely 0-simple without being irreducible.

For use in later sections, we now consider some properties of the fillout of a
semigroup which is indecomposable at zero.

LeMMA 3.8. Let H=H® be a homogeneous subsemigroup of £J (¥") which is
indecomposable at zero and let I be a nonzero ideal of H. Then, for each « € #(H),
there exists y € I such that ¥ o=""y, Na= Nvy.

Proof. From the definition of #(H), there exist o, 7 € H such that No= Ne¢ and
¥ o=7". Since H is indecomposable at zero, there exists & € I such that o87#0.
Let y=0d7 then, since H is homogeneous, Ny=No=No, ¥ y=%"r=%"aand y € I.

COROLLARY. Let H= H?° be indecomposable at zero and let I be a nonzero ideal of
H. Then F(I)=%(H).

Proof. Since I< H, it is clear that F(I)= % (H). Conversely, by the lemma, if
o € #(H) there exists y € I such that ¥ "« ="y, Na= Ny. Thus « € #(I) and hence
F()=%(H).

It follows from Lemma 3.8 that, if H is indecomposable at zero, #(H) is ob-
tained from H simply by filling out those s#-classes of 7 (¥") which contain
members of H. The next lemma shows that these are in fact s#Zclasses of #(H).
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LemMMA 3.9. Suppose that B(H)=0. Then « and B are #-equivalent in F(H) if
and only if ¥"a=7"B and Ne= Np.

Proof. If « and B are #Zequivalent in F(H), they certainly have this property
in L7 (¥"); hence, see [3, p. 57], ¥"'«=7"8 and Ne=NB. Conversely, we shall
show that, if ¥"a =778, then « =98 for some y € #(H); the other verifications are
similar.

Choose a basis e,,,,..., e, for Ne and extend it to a basis ey,..., e, for ¥.
Then e,q, . . ., e, are linearly independent. Since B(H)=0, there exists 7 € H such
that n8#0; that is, such that range » N null space B=0. Let f,, . . ., f, € range ;) be
such that fi=e,x (1<i<r) and define y by

ey=/f; forl i
=0 forr<i
Then e;yf=e;x (1 £i<n) so that «=yB and, since Ny=Ne and ¥ 'y=7"y,y € F(H).

COROLLARY 1. Let H=H° be a homogeneous subsemigroup of LT (¥"), of rank
r>0, and suppose that B(H)=0. Then each group #-class of #(H) (i.e. each nonzero
maximal subgroup) is isomorphic to the group of all nonsingular linear transformations
of rank r over ®.

r,

A NIA

n.

Proof. This is immediate from the lemma and [3, p. 57, Exercise 6(f)].

COROLLARY 2. Let H=H° be a homogeneous subsemigroup of LT (¥") which is
indecomposable at zero and let I be a nonzero ideal of H. Then each element o of F(H)
can be written in the form «=yBd where y, 8 € I and B € ¥ (H).

By the corollary to Theorem 3.7, #(H) is completely 0-simple and hence there exist
idempotents { and 7 such that «={on. By Lemmas 3.8, 3.9, there exist y, § € I such
that ({, y) U (9, 8) € #. Then yy~1={, 6~ 18=n. Thus, if B=y 'ad~%, B F(H)
and a=1yf8.

LemMA 3.10. Let H=H?® be a homogeneous subsemigroup of LI (¥") and let C
be a nonsingular linear transformation of ¥. Then #(C~*HC)=C-'#(H)C.

Proof. The proof is trivial and is omitted.

Let S=S° be a subsemigroup of L7 (¥"). Then we shall call S basic if the
inclusion map of S into £.7(¥") is a basic representation of S. Thus a representa-
tion I' of a semigroup T'=7T7 is basic if and only if I'(T’) is basic.

THEOREM 3.11. Let H=H° be a homogeneous subsemigroup of LT (¥") and
suppose that H is indecomposable at zero. Then the following conditions on H are
equivalent.

(a) H is basic;

(b) (i) for each e € ¥°\0, there exists o € H such that ea.#0;

@i)) [ H]=7";
(c) #(H) is irreducible;
@) L e [F(H)]
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Proof. That (a) implies (b) is clear. Suppose that (b) holds and let % be a proper
subspace of ¥ Then, by (ii), there exists fe ¥, a« € H such that fo ¢ #. By (i),
there exists g € %, B € H such that g8+#0. Let e, ,,..., e, be a basis for N8 and
extend g=e,, €,,,,...,€,toabasise;, ..., e, for ¥ and letfi, . . ., f; be a basis for
¥« where f,=fu. Define y € .7 (¥") as follows:

ey = fi 1<i=Zr,
=0 r<isn

Then Ny=NB, ¥'y=7"o so that ye F(H). However #y<¢ ¥ since e, € % but
e,y=f,=fo ¢ % Hence #(H) is irreducible.

That (c) implies (d) is immediate from [3, Lemma 5.32], so suppose that (d)
holds. By Lemma 3.8, if I is a nonzero ideal of H, then #(I)=%(H) and hence
I, e [#(I)]. Suppose #I=0; then %< No for each « €l and hence, from the
definition of #(I), %< NB for each B € #(I). But this implies #[#(I1)]=0 which,
since I, € [#(I)] requires % =0. Suppose that ¥"I< % where % is a subspace of ¥_
Then, from the definition of # (1), it follows that ¥"#(I)< # and hence [¥"Z ()]
< %. Since [V F(I)]=[¥[# )]}, this however implies ¥'I,< % so that % =Y
Hence H is basic.

The final theorem of this section shows that, for completely 0-simple semigroups,
basic representations in our sense are the same as the basic representations con-
sidered by Clifford in [1], [2].

THEOREM 3.12. Let S=.#°(G; I, A; P) be a completely O-simple semigroup and
let T be a representation of S of degree n over a field ®. Then the following conditions
on T are equivalent.

(a) T is basic;

(b) T is basic in the sense of Clifford.

Proof. Suppose that I' is not basic in the sense of Clifford. Then it is immediate
from [3, Theorem 5.48] that there exist subspaces % and %, not both trivial, such
that ZI'(S)=0, ¥ T'(S)< %, where ¥ is the space of all 1 x n row matrices over @.
Hence T' is not basic.

Conversely, suppose I' is basic in the sense of Clifford. Then, without loss of
generality, we may assume that, for each (a; i, A) € S,

I(puapy1) l"°(pua)Q,\]
RI%@apy) RI@)Qx
where I'? is a representation of G U 0 of degree r over ®. Then n=r+rank Q,
where Q is the extending matrix of T'.

Let ¢ denote the group of all nonsingular linear transformations of degree r
over @, and let C=#%%; 1, A; P) where P=[I'"%p,)]. Then the mapping A
defined by

I'(a; i, A) = [

AX; 0, Q) = [Fo(pl’)XFo(PM) FO(Pu)XQA]

R, XT(p,,) R, XQ,
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is a representation of C of degree n over ®. Since I' is basic in the sense of Clifford,
so is A and, since A extends the faithful representation of ¢, which is irreducible,
it follows from [3, Theorem 5.51], that A is irreducible.

Let ¢ denote the mapping of S into C defined by (x; i, A)e=(I"%x); i, A). Then
it is easy to see that ¢ is a O-restricted homomorphism of S into C such that,
for each (x; i, A) € S, I'(x; i, A)=A[(x; i, A)p]. Further, it is clear that each 5#class
of C contains an element of Sg; thus each #-class of A(C) contains an element of
I'(S). By Lemma 3.8, this implies A(C)<= #(I'(S)) and so, since A(C) is irreducible,
F(I'(S)) is irreducible. Hence, by Theorem 3.11, I'(S) is a basic subsemigroup of
[®@], so that T is basic.

By [3, Lemma 5.32], if I is an irreducible representation of a completely 0-simple
semigroup, then [['(S)] contains the identity matrix. Clifford has given an example
[3, p. 192, Exercise 8], to show that a basic representation of a completely 0-simple
semigroup can have a null irreducible constituent. If I' is such a representation of S
then, clearly, [I'(S)] cannot contain the identity matrix although, by Lemma 3.9,
Corollary 2 and Theorem 3.11, the algebra [I'(S)F[I'(S)IT'(S)] does.

4. Homogeneous representations. Let S=S° be a semigroup and let I" be a
representation of S of degree n over a field ®. Then I' is said to be homogeneous if
I'(S) is a homogeneous subsemigroup of [®],. Thus I' is homogeneous if and only
if S=M(I"), where M(T") is defined as in §2.

Let S=S° be a semigroup without nonzero nilpotent ideals and let I' be a
O-restricted homogeneous representation of S of degree n over a field ®. Then,
since I' is O-restricted, it follows from the Corollary to Lemma 3.1 that S is cate-
gorical at zero. Further, by the corollary to Theorem 3.7, I is a O-restricted homo-
morphism of S into the completely O-simple semigroup Z(I'(S)). It therefore
follows from Theorem 1.9 that I" induces a (unique) representation of #(S) such
that the diagram

S
T
7 F(I(S)
/
2(S)

commutes; recall that Z(S) is the coreflection of S in the category of p-regular
semigroups and O-restricted homomorphisms. We call I'* the representation
induced by T" and T the restriction of I'* to S.

Let S=S° be the 0-direct union of a family {S; : i € I} of O-primary semigroups
and let I' be a homogeneous O-restricted representation of S of degree n over ®.
Then, in general, we cannot say much about the representation I'* of Z(S) induced
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by T. If, however, I'|S; is basic, for each i € I, then we can give the structure of I'*
modulo representations of completely 0-simple semigroups.

THEOREM 4.1. Let S=S° be the 0-direct union of a family {S,; : i € I} of O-primary
semigroups. Let T" be a proper O-restricted homogeneous representation of S of degree
n over a field ®. Suppose that, for each i € I, T'|S; decomposes into a null representa-
tion and a basic representation. Then I is finite, I={1,2,...,r}, withr=n, and T’ is
equivalent to a representation of the form

L O
@.n -
@) r,
where, for each i € I, T'y(x)=0 if x ¢ S, and T',|S, is a homogeneous O-restricted basic
representation of S,, equivalent to the proper part of T'|S,.

Proof. Pick ! €I and rearrange the basis for the underlying vector space to
obtain an equivalent representation A of S so that, for each x € S,

' (x) 0]

A(x)=[0 ol’

where x — I';(x) is a proper O-restricted representation of S; of degree r; over @.
By hypothesis, I, is basic and hence, by Theorem 3.11, I, € [#(I'1(S1))]. Thus, by
Lemma 3.9, Corollary 2, there exist finite sets of elements u;, v; € S; and X, e[®],,

(1=j<s) such that
[+ 0] < Ly(u) XLy (v) 0]
e= [ o =3[

For each xe S, k#1, T(x)I'(S)=0=I(S;)I'(x). Hence A(x)E=0=FE A(x).
Let A(x) have the form
[A(x) B(x)] ,
C(x) D(x)

where A(x») is r; xr; and x ¢ S;. Then, multiplying on left and right by E, we find
A(x)=0, 3(x)=0, C(x)=0. Hence A decomposes into

o' s
0 A

where T';(x)=0 if x¢S; and A,(S;)=0. Since I' is assumed to be proper, 4,
is a proper homogeneous O-restricted representation of O{S; : i € I, i#1}. Hence,
since for each i, A|S; is equivalent to I'|'S;, the hypothesis of the theorem holds
for A, and O{S; : i € I, i# 1}. Thus, repeating the process at most # times, we obtain
the result.
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COROLLARY. Let S=0{S, : i € I} be as in the statement of the theorem and suppose
that, for each i € I, each proper O-restricted homogeneous representation of S; is basic.
Then every proper O-restricted homogeneous representation of S is equivalent to one
of the form (4.1).

It has been pointed out that any O-restricted homogeneous representation I', of a
semigroup S=S°, which is categorical at zero and without nonzero nilpotent ideals,
induces a (unique) O-restricted homogeneous representation I'* of Z(S) of the same
degree. The next three theorems show that the correspondence preserves equiva-
lence, decomposition and reduction. (That this is the case, when #(S) is a homo-
morphic image of S, is obvious.)

THEOREM 4.2. Let S=S° be the 0-direct union of a family {S, : i € I} of O-primary
semigroups. Let ', A be O-restricted homogeneous representations of S of degree n
over a field ®. Then T is equivalent to A if and only if the representation I'* of 2(S)
induced by T is equivalent to the representation A* induced by A.

Proof. Clearly the equivalence of I'* and A* implies that of I" and A. Conversely,
suppose that there exists a nonsingular n x n matrix C such that, for each x € S,
A(x)=CI'(x)C. Then the mapping x — C~I'*(x)C is a O-restricted homomor-
phism of 2(S) into [®], ; in fact, it is into C~LF(I'(S))C since I'™*(Z(S)) = ZF (I'(S)).
By Lemma 3.10, C-1#(I'(S))C=%(C~I'(S)C) and the latter is just F(A(S)).
Thus A* and x — C~I'*(x)C both extend A to homomorphisms of #(S) into the
completely 0-simple semigroup F(A(S)). Hence by the uniqueness property of
Theorem 1.9, the two mappings are identical and I'* and A* are equivalent.

THEOREM 4.3. Let S=S° be the 0-direct union of a family {S, : i € I} of 0-primary
semigroups. Let I" be a O-restricted homogeneous representation of S of degree n over
a field ®. Then T' decomposes into the direct sum of representations I'; and T'y of
degrees n, and ny, if and only if the same is true of T'*.

Proof. If I'* decomposes into the direct sum of two representations then clearly
so does I'. Suppose conversely that, for each s € S,

T, 0
42) I(s) = [ (fs) rz(s)]‘
Then, for each x € Sy,
I, 0
o= [4 )

where x=gs7. It thus suffices to show that, if T=0{T; : i € I} is a homogeneous
semigroup of matrices of the form (4.2), where each T, is O-primary, the p-regular
semigroup of matrices generated by T consists of matrices of the form (4.2). This is
however an immediate consequence of Theorem 1.9(c) and Lemma 3.3.
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COROLLARY 1. Let S=S° be a 0-primary semigroup and let T be a proper O-re-
stricted homogeneous representation of S of degree n over a field ®. Then there is a
one-to-one correspondence between the indecomposable constituents of T’ and the
indecomposable constituents of the representation I'* of €(S) induced by T'. Each
indecomposable constituent of T' is homogeneous and O-restricted.

Proof. That there is a one-to-one correspondence between the indecomposable
constituents of I' and those of I'* is immediate from the theorem. Since each
representation of a completely O-simple semigroup is homogeneous and O-re-
stricted, the latter result in the statement of the theorem follows from the former.

If S and I are as in Theorem 4.3 then we know that each indecomposable con-
stituent of I' is the restriction to S of an indecomposable constituent of I'*. In
general, we do not know that these are homogeneous; however, if I' satisfies the
conditions of Theorem 4.1, we can apply Corollary 1 to obtain the following result.

COROLLARY 2. Let S and I' be as in Theorem 4.1, then each indecomposable
constituent of T is basic and homogeneous.

Let S=S° be a semigroup and let I' be an irreducible representation of S of
degree n over a field ®. Then, by [6, Lemma 5], S is indecomposable at zero. Hence
there is no loss of generality in Theorem 4.5 below.

LEMMA 4.4. Let ® be a field and let H be a 0-primary homogeneous subsemigroup
of [®),. Suppose that each element of H has the form

A, 0

Az
3) . ,

* A,

where each A; is n;x n;. Then the subsemigroup C of % (H) generated by H consists
of elements of the form (4.3).

Proof. C=\J {H, : n=0} where Hy,=H and H,,, is generated by H, and the
inverses of elements of H, whose square is nonzero. Suppose that each element of
H, has the form (4.3). Then it follows from Lemma 3.3, by an easy induction on r,
that the inverse of any element of H, also has the form (4.3). Hence, by the block
multiplication rule, each element of H, , , has this form and, by induction, the same
is true of each element of C.

THEOREM 4.5. Let S=S° be a 0-primary semigroup and let T' be a homogeneous
O-restricted representation of S, of degree n over a field ®. Then the irreducible
constituents of ' are the restrictions to S of the irreducible constituents of the rep-
resentation I'* of €(S) induced by T'.
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Proof. Let I' have ultimately reduced form

P
(4.4) . :

* I,

where each TI'; is n; xn,. Then each element of I'*(sn) has this form and so, by
Lemma 4.4, has each element of the completely 0-simple subsemigroup C of
F(I'(S)) generated by I'(S). But, by Theorem 1.6, C=T*(%(S)) so that, for each
x € 4(S),
r# 0
ry
4.5) ) ,

* ry
where each I'}* is n, x n; and, for each s € S, I'y(s)=T{#(Sn). Now I'(S)<= T'*(¥(S))
hence the irreducibility of I'; implies that I'* is also irreducible. Therefore I'* has
ultimately reduced form (4.5).

COROLLARY 1. With the hypotheses of Theorem 4.5, each nonnull irreducible
constituent of " is homogeneous and O-restricted.

COROLLARY 2. With the hypotheses of Theorem 4.5, T' is irreducible if and only if
the same is true of T*.

5. O-simple and O-bisimple semigroups. Since any O-simple semigroup of
matrices is a homogeneous semigroup and every nonnull homomorphic image of a
0-simple semigroup is again O-simple, the theory in §4 applies, in particular, to
0-simple semigroups. Specifically, we have Theorem 5.1.

THEOREM 5.1. Let S=S° be a 0-simple semigroup and let © be a field. Then S is
indecomposable at zero and, if S has a nonnull representation over ®, then S is
categorical at zero.

(@) Let T" be a nonnull representation of S of degree n over ®. Then I induces a
(unique) representation T'* of €(S) of the same degree over ® so that the diagram

7 [q)]n

commutes.
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(b) The indecomposable constituents of T are the restrictions to S of the inde-
composable constituents of T'*.

(c) The irreducible constituents of T" are the restrictions to S of the irreducible
constituents of I'*.

(d) Two representations I and A of S, of degree n over @, are equivalent if and
only if the induced representations I'* and A* of €(S) are equivalent.

Theorem 5.1 was proved in [6] for the case in which S=S° has a nonzero idem-
potent. If this occurs, €(S) is a O-restricted homomorphic image of S; in fact, it is
the maximum weakly O-cancellative O-restricted homomorphic image of S. To
conclude this section, we show that if S=S° is 0-bisimple and categorical at zero
then €(S) is also a O-restricted homomorphic image of S. A consequence of this
result and Theorem 5.1 is that any O-bisimple (bisimple) semigroup of matrices is
completely 0-simple (completely simple). Note however that not every 0-simple
semigroup of matrices is completely O-simple; see [3, p. 192, Exercise 7(b)].

THEOREM 5.2. Let S=S° be a 0-bisimple semigroup. Then S is completely 0-simple
if and only if it is weakly 0-cancellative and satisfies

*) if ax=x#0 or xa=x+#0 then a® = a

Proof. It is straightforward to verify that any completely O-simple semigroup
satisfies these conditions. Conversely, suppose that the conditions are satisfied ; we
show that S has a primitive idempotent.

If S has only one nonzero element a then a® = a so that a is a primitive idempotent.
If |S| > 2, let a, b be distinct nonzero elements of S then there exists ¢ € S such that
Sta= S8, ¢cS*=5bS". Since a and b are distinct, ¢ is not equal to both a and b; say
a#c. Then there exist x, y € S such that a=xc, ¢=ya. Thus a=xya+#0 so that xy
is a nonzero idempotent of S by (*). Since S is weakly 0-cancellative, any nonzero
idempotent is primitive; in particular, xy is primitive. Hence S is completely
0-simple.

COROLLARY 1. Let S=S° be a 0-bisimple semigroup which is categorical at zero.
Then €(S) is a O-restricted homomorphic image of S.

Proof. Let {o; : i € I} be the set of all O-restricted congruences on S such that
S/o; is weakly O-cancellative and such that

(ax, x) € o, or (xa, x) € a;, where x # 0, implies (a2, a) € o;;

since S is categorical and indecomposable at zero, it follows, from [6, Theorem 1],
that I#[J. Then clearly o=(") {o; : ie I} e{o; : i € I} and, by Theorem 5.2, S/o is
completely O-simple.

Since €(S) is completely 0-simple any subsemigroup of €(S) is weakly 0-cancel-
lative and obeys (*); in particular, this is true of S». Thus there is a unique
0-restricted homomorphism £ of S/o into €(S) and a unique O-restricted homo-
morphism ¢ of €(S) into S/e so that the diagram



1969] BASIC REPRESENTATIONS OF ARBITRARY SEMIGROUPS 331

S

\
rd

commutes. Hence, by the uniqueness of { and £, we have S/o~%(S).

#(S)

COROLLARY 2. Let H=H?° be a homogeneous subsemigroup of X7 (¥"). If H is
0-bisimple then H is completely 0-simple.

Proof. From Theorem 3.7, #(H) is completely 0-simple and hence each sub-
semigroup of F(H) is weakly O-cancellative and obeys (*); in particular H obeys
these conditions. Thus, by Theorem 5.2, H is completely 0-simple.

6. The structure of basic and irreducible representations. The main theorem of
this section (Theorem 6.2) gives a construction for all basic representations of an
arbitrary semigroup in terms of basic representations of completely O-simple
semigroups. Every irreducible representation of a semigroup is basic so that
Theorem 6.2 applies here, but in this case the construction can be simplified.

Recall that a pair (U, N) of ideals of a semigroup S= S° is called primary if

(a) S/U is indecomposable at zero;

(b) N/U is categorical at zero.

We define the pair (U, N) of ideals of S to be secondary if N/U is O-primary; thus
every primary pair is secondary. Corollary 1 to the following lemma shows that
associated with any secondary pair of ideals of S there is a primary pair of ideals
of S.

LEMMA 6.1. Let S=S° be a semigroup and let U, N be ideals of S such that Uc N
and N|U is indecomposable at zero. Then N. ' U={x € S : Nx< U} is the unique ideal
U of S such that S|U is indecomposable at zero and U N N="U.

Proof. Let xe N. U, s, t€ S*; then Nsxt= Nxt< Ut< U since U, N are ideals
of S. Hence N.'U is an ideal of S and, since N/U is indecomposable at zero,
N.-UNnN=U.

Let a, b e S\N. " U; then there exist m, n € N such that ma ¢ U, nb ¢ U. Since N is
an ideal of S and N/U is indecomposable at zero, this implies maNnb<¢ U. Thus
aNbE U. N and so S/N. U is indecomposable at zero.

Suppose that U is an ideal of S such that S/U is indecomposable at zero and
UNN=U. If a¢ U then there exists ne N such that na¢ U=N N U. Thus
a¢ N.-U.Ifa¢ N. U then there exists n € N such that na¢ U=N N N." U. Thus
a¢ U. Hence U=N."U.
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COROLLARY 1. Let S=S° be a semigroup and let (U, N) be a secondary pair of
ideals of S. Then (N. U, N U N."U) is the unique primary pair of ideals (U, N)
such that the diagram

N—g—>]\7
vl mT

commutes where = and =’ are the natural homomorphisms and f is an isomorphism.

Lemma 6.1 also shows that, at least for semisimple semigroups S=S°, there is no
shortage of ideals U such that S/U is indecomposable at zero.

COROLLARY 2. Let S=S° be a semisimple semigroup andlet a,be S. Then(a, b) € £
if and only if, for each ideal U of S such that S|U is indecomposable at zero, either
both a, b€ U or both a, b e S\U.

THEOREM 6.2. Let S=S° be a semigroup and let O be a field.

(I) Let T be a basic representation of S of degree n over ®.

(@) (V, M) is a primary pair of ideals of S and T' induces a unique basic repre-
sentation T'* of €(M|V) such that the diagram

M
T
©.1) v [©],
P*
MVy

commutes where yy=mm; = the natural homomorphism of M onto M|V and v the
natural homomorphism of M|V into €(M|V).

(b) There exist finite sets of elements u,, v,.€ M, X, € F(I'(M))=F (T*(€(M/V)))
such that

6.2) Z M (ugh) XT* (o) = I,.
(c) For each s e S, )
63) () = 2 T XI*ois).

(II) Let (U, N) be a secondary pair of ideals of S and let T* be a O-restricted
basic representation of €(N|U) of degree n over ®.

(d) There exist w, v, € N, X;€ F(I'*(€(N/U))) such that (6.2) holds. For such
elements, the mapping T': S — [®], defined by (6.3) is a basic representation of S
with vanishing ideal N. U. Further, the diagram (6.1) commutes with M replaced
by N and V replaced by U.
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(e) If A is any representation of S of degree n over ® such that A\N=T|N then
A=T; in particular, T is independent of the particular choice of elements satisfying
6.2).

Proof. (I)(a) Let ¥ be the underlying vector space for I' and let a, b e S\V.
Then there exists v e ¥" such that v['(a)#0. Let L=S'5S?; then L is an ideal of S
such that T'(L)#0 and hence there exists x € L such that (vI'(a))I'(x)#0. This
implies I'(ax)#0 and therefore ax ¢ V. Since x € S'bS*, ax ¢ V implies aSb¢ V or
ab ¢ V. Similarly the latter implies aSab& V or a-ab¢ V. Thus, in any case,
aSb¢ V and hence S/V is indecomposable at zero. By definition, I'(Mf) is homo-
geneous and thus, from Lemma 3.1, M/V is categorical at zero. Therefore (V, M)
is a primary pair.

By the remarks at the beginning of §4, I' thus induces a unique representation
I'* of €(M/V) such that diagram (6.1) commutes. Hence to complete the proof
of (a) we need only show that I'* is basic. Since I is basic and I'| M is homogeneous,
it follows from Theorem 3.11 that I'|M is basic and therefore #(I'(M)) is irre-
ducible. But I'(M)=T*(@(M/ V))<= F(['(M)); hence F(I'(M))=F(T*(€(M[V))).
Thus F(I'*(€(M/V))) is irreducible and so, by Theorem 3.11 again, I'* is basic.

(b) By Theorem 3.11 and Corollary 2 to Lemma 3.9, there exist u;, v;e M,
X, e FO(M))=F(*(€(M]V))) such that (6.2) holds. Then, for each s e S,

I(s) = I,I(s) = (Z F*(u#)x,r*(v,sb)) I(s) = j{r*(uw)xfr‘*(v,sb)r(s)}.

By the commutativity of (6.1), I'*(vah)I'(s)=T'(v))I'(s) =*(v;s¢); (M is an ideal of
S so that v,s € M). Hence (6.3) holds and the proof of (I) is complete.

(IN)(d). Let I'* be a O-restricted basic representation of €(N/U) of degree n over
®. Then, since F(L*(NY))=F(*(E(N/U))), there exist elements u;, v;€ N,
X, e F(T'*(VY)), 1 <i<r, such that (6.2) holds. Let w;, v, € N, X, € F(I'*(Ny)),
1Zi=r, be such a set of elements and define, for s € S,

6.3) I(s) = Z I (uh) X (0.
Then B

I
M-
Ma

I'(s) = T'(s)l, I*(uh) X, T*(oish) T (uh) X;T*(0,)

-
[}
[
<.
L}
[

T*(ugh) X, T*(visuyp) X, T*(v3h)

1
[\
-

-
]
-
-
"
-

(6.4)

li
M-
[\

-
(]
-
<
[}
-

I*(uh) XiT* () T* (s X, T (0,9)

I
=~
M-

I*(sugh) X,T*(v,9)

-
<.
I

o

(6.5) I*(sugh) X,T*(vsh).

i
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Fors,te S,

D(s)I'(t) = I'(s) i [*(tugh) X;T*(w) by (6.5)
i=1

=3 3 T X T ) KT

<

I*(ug) XiT*(vistuh) X,T*(vh)
= 1
=T(st) by (6.4).

Hence I' is a representation of S of degree n over ® and, from its definition, the
diagram (6.1) clearly commutes with M replaced by N and V replaced by U.
Further, from the definition of T, it is clear that N¥. ' U< V(I'). On the other hand,
if Nx& U, the commutativity of (6.1) implies I'(nx)#0 for some ne N and so
x ¢ V(T). Hence, to complete the proof of (d), we need only show that I is basic.

Let L be an ideal of § such that I'(L)#0; that is, such that, NL¢& U. Then NN L
is an ideal of N such that N N L¢& U. By the commutativity of (6.1) I'| N is basic
and hence, if ¥~ is the underlying vector space for T',

¥ = [Y'T(N N L)] < [ T{L)]and 0 # v['(N N L) & vI'(L) for each nonzerov € 77

Thus I' is basic.
(e) Let A be a representation of § such that, for each n e N, A(n)=T'(n). Then,
for se S,

AGs) = 1, As) = [2 I‘(u,)XJ‘(vf)] AGs)

= 3 T X, Aw) AG) = 3 T)X; Avis) = I(s)
1 1

since v;5s € N implies A(v;s)=T'(v;5). Hence I'=A.

COoROLLARY 1. Let I be a representation of a semigroup S=S° of degree n over a
field ®. Then T is basic if and only if there exists a secondary pair (U, N) such that
I'|N induces a O-restricted homogeneous basic representation I'' of N/U such that the
diagram

N
T|N

(6.6) m [D],

T

N/U
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commutes. Equivalently, T" is basic if and only if S|V is indecomposable at zero and
I'|M induces a O-restricted basic representation I of M|V such that (6.6) commutes
with M replacing N and V replacing U.

COROLLARY 2. Let S=S° be a semigroup and let ', A be basic representations of
S. Then the following are equivalent :

(a) T is equivalent to A;

®) V(I)=V(A), M(T)=M(A) and the induced representations T'*, A* are
equivalent;

(c) T is equivalent to A on some ideal N such that I'(N)+#0.

Proof. Clearly (a) implies (b) and (b) implies (c). Suppose that (c) holds and let
L=Nn M(). Since I'(N)#0 and S/V(I") is indecomposable at zero, I'(L)#0
and further (L N V(I'), L) is a secondary pair of ideals of S. By hypothesis, there
exists a nonsingular matrix C such that, for each x € L, C I'(x)C=A(x). Thus
C~II'C is a representation of S which extends A; hence, by Theorem 6.2 (e),
A=C™1I'C as required.

REMARK I. Let S=S° be a semigroup and let (U, N) be a primary pair of ideals
of S. Let I be a representation of S defined from a basic representation of €(N/U)
asin Theorem 6.2. Then, for any m, n € N\U, |I'(m)| = |I'(n)| so that I'(N) is homo-
geneous. On the other hand, since (U, N) is a primary pair, it follows from Lemma
6.1 that V(I")=U. Hence, for a € S\V(I"), there exists n € N such that an ¢ U and so
|T(n)| =|[(an)| £ |T(a)|; thus N< M(T'). In general, we cannot say that N= M (T);
in the case when S is an inverse semigroup, it can be shown that M(T) is the
maximum ideal L such that (U, L) is a primary pair (see §8).

ReMARK II. Let S=S° be a semigroup and let U be an ideal of S such that S/U
is indecomposable at zero. Suppose further that there is an ideal N of S which
covers U. Then, by Theorem 6.2(II), the basic representations of S with vanishing
ideal U are uniquely determined by their action on N. Now, for any x € N\U,
we have N=S'xS' U U and, if I(x)={ye S : S'yS'=S'xS'}, (I(x), S*'xS?) is a
secondary pair with 7(x)=S'xS* N U. Thus the basic representations of S, with
vanishing ideal U, are uniquely determined by basic representations of the principal
factor J(x)=S*xS*/I(x) (since (I(x), S'xS?) is a secondary pair, J(x) is 0-simple).
Hence, if S obeys the minimal condition M, on principal two-sided ideals, the basic
representations of S are obtained uniquely as extensions of the basic representations
of the principal factors of S. That is, the situation, for basic representations is
exact analogy with the situation, discovered by Munn [10], for irreducible rep-
resentations.

ReEMARK III. Let S=S° be a semigroup and let (U, N) be a secondary pair of
ideals of S. Let I'* be a homogeneous representation of N with vanishing ideal U.
Then, in order that we should be able to extend I'* to a representation I" of S as in
the proof of Theorem 6.2, it is sufficient that there exist u;, v; € N, X; € [®], such

that
2 T*w)XT*(@) = IL;
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that is, it is sufficient that I, € [[*(N)[®],['*(N)]. Suppose however that the latter
condition is satisfied and let v be a vector in the underlying vector space ¥~ Then
vI,#0 and hence vI'*(n) #0 for some n € N\U. On the other hand, if ¥ T*(N) is
contained in the subspace % of ¥° then I'*(N)[®],I'*(N)<=%. Hence, since
I, € [T*(N)[®]).['*(N)], % =¥ Therefore I'* is basic and, from Theorem 6.2(d), the
same is true of I'.

As a corollary to these remarks, we have the following characterisation of basic
representations.

THEOREM 6.3. Let S=S° be a semigroup and let T be a representation of S of
degree n over a field ®. Then I is basic if and only if

(a) (V, M) is a primary pair;

(b) 1, € [T(M)[D].T'(M)].

If T is an irreducible representation of a semigroup S=S° then, since I'(N)
is irreducible for each ideal N of S not contained in V(I'), I' is easily seen to be
basic. Hence Theorem 6.2 is applicable to the irreducible representations of S.
However, it follows, from [3, Lemma 5.32], that we can choose the elements which
satisfy (6.2) in a particularly simple manner. Theorem 6.4 describes the structure of
all irreducible representations of S; although it is a corollary to Theorem 6.2, we
state it in full here because of the importance of irreducible representations. (The
proof follows easily from Theorem 6.2 and Theorem 4.5.)

THEOREM 6.4. Let S=S° be a semigroup and let ® be a field.

(1) Let T be an irreducible representation of S of degree n over ®.

(@) (V, M) is a primary pair and T induces a (unique) O-restricted irreducible
representation T'* of €(M|V) such that the diagram

M
r|\M

y [@].
///ﬁﬁ

commutes, where y=fy, f the natural homomorphism of M onto M|V and n the natural
0-restricted homomorphism of M|V into €(M|V).
(b) There exist elements o; € ®, u; € M, i=1, 2,..., r such that

E(M/V)

6.7) > al*(uy) = I,
1
(c) For each s € S,

r

(6.8) I(s) = > aT*(usy).

1



1969] BASIC REPRESENTATIONS OF ARBITRARY SEMIGROUPS 337

(II) Let (U, N) be a secondary pair of ideals of S and let T'* be a O-restricted
irreducible representation of €(N/U) of degree n over ®.

(d) There exist elements o; € ®, u;e N, i=1,2,...,r, such that (6.7) is satisfied.
For these elements, the mapping T' defined by (6.8) is an irreducible representation
of S of degree n over ® such that (6.1) commutes with M replaced by N and V
replaced by U. Further V(I''=N."U.

(e) If A is any representation of S, of degree n over ®, such that A\N=T|N then
A=T'; in particular, T is independent of the particular choice of elements satisfying
6.7).

7. Basically reducible representations. Let S=S° be a semigroup and let I' be
a representation of S of degree n over a field ®. Then I' is fully basically reducible if
each nonnull indecomposable representation of I' is basic. Clearly any fully
reducible representation of S is fully basically reducible.

THEOREM 7.1. Any basic representation of a semigroup S=S°, of degree n over
a field ®, is fully basically reducible.

Proof. We need only show that if I' decomposes into the direct sum of two
representations I'; and I', then each of these is basic. Let #7 and ¥, be the under-
lying vector spaces for I'; and I'y; then ¥ =¥, @ ¥, is an underlying vector
space for T'.

Let N be an ideal of S such that I'(N)##0. Let v e ¥;\0; then v € ¥~ and so there
exists n € N such that vI'(n)#0. But, since #7I'5(S)=0, this implies ¥'T',(n)+0.
If % is a subspace of ¥ such that #:I';(N)< %, then

YI(N) = {¥I'i(n)+7o(n) : neN} = ¥ D V5.
Hence, since I is basic, % =¥7. Thus I', is basic and similarly so is T',.

COROLLARY | (TO THE PROOF). Fach indecomposable constituent of a basic
representation I" has vanishing ideal V (I).

COROLLARY 2. A representation of S of degree n over a field ® is fully basically
reducible if and only if it is the direct sum of basic representations.

Following Corollary 2, we shall drop the unwieldy term “fully basically re-
ducible” and shall use in its stead the term basically reducible. Our next theorem
gives necessary and sufficient conditions on a representation in order that it should
be basically reducible. For the proof of the theorem, we require two lemmas which
will also be used to give sufficient conditions on a semigroup in order that every
representation over a field ® should be basically reducible.

LeMMA 7.2. Let S=S° be a semigroup and let T be a O-restricted representation
of S of degree n over a field ®. Let M be a nonzero ideal of S and suppose that, T'|M
decomposes into the direct sum of two representations I', and T, of degrees r and n—r
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respectively. Suppose further that T'; is basic. Then T' decomposes into the direct sum
of two representations 'y and T'; of S where I';|M =T, i=1, 2.

Proof. Let % be the subspace of [®], of all matrices of the form

X 0 here X i
o ol where X is rxr.

Then [['(M)ZT(M)]<% and, since by hypothesis I'; is basic,

E= [(1) g] e [C(M)YZT(M)).

For each s € S, let I'(s) be partitioned as

[y )

where I'j(s) is r x r. Since M is an ideal of S,
L(S)[D(M)ZT(M)] and [[(M)ZT(M)]I(S)

are both contained in % and hence, in particular, ET'(S) and I'(s)E are in #. Thus
I'5(s)=0, I';;(s)=0 for each s € S and so we have the result.

LeMMA 7.3. Let S=S° be a semigroup and let M be a nonzero ideal of S. If
M=0{M, : i e I} where each M, has zero biannihilator then each M, is an ideal of S.

Proof. Let m; € M;\0 and let ae S. Then am; € M since M is an ideal of S.
If am; € M;\0 then, since B(M,)=0, there exists m; € M; such that am;m,#0. Thus,
since M=0{M, : ie I}, i=j. Hence aM,= M, and M, is a left ideal of S. Similarly
it is a right ideal; thus an ideal.

Following the terminology introduced in §2, we shall call a representation I'" of a
semigroup S=S°, weakly basic if,

(a) for each ve ¥"\0, vI['(S)#0;

(®) [V T($H]=7;
where ¥ is the underlying vector space for I'.

THEOREM 7.4. Let S=S° be a semigroup and let T be a representation of S of
degree n over a field ®. Then T' is basically reducible if and only if the proper part of
T'|N is weakly basic for each ideal N of S which is not contained in V(T).

Proof. Suppose that I' is basically reducible so that it is the direct sum of basic
representations I';. Let I'y be the direct sum of those I'; such that I'(N)+#0;
i=1,2,...,rsay. Then I'| N clearly decomposes into I'y and a null representation.
We show that I'y is weakly basic; it is then certainly proper so that we have the
necessity of the conditions.

Let ¥~ be the underlying vector space for I'y and let ve ¥ Then v=v,;+ - - - +v,
where v; € 7] the underlying vector space for I';, | i<r. If vI'y(N)=0 then each
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v,['y(N)=0 and hence, since each I'; is basic and no I'(N)=0, v;=0, 1 £i<r. This
implies v=0 and so (a) of the definition of weakly basic holds.

Let % be a subspace of ¥" and suppose that ¥ T'W(N)<=%. Then ¥ ,I'y(N)=
¥:I'y(N)=% and hence, since each I'; is basic, ¥]<%. Thus ¥ =¥, @ - - - @ ¥,<¥;
hence (b) holds and so I'y is weakly basic.

Conversely, it follows, as in the proof of Theorem 7.1, that if T" has the properties
mentioned above so has each indecomposable constituent of I'. Hence we need only
show that an indecomposable representation, with these properties, is basic. We
can also assume, without loss of generality, that I" is O-restricted.

Let 7~ be the underlying vector space for Ty, the proper part of I'| M and let
a e M\0. Then there exists ve ¥~ such that vI",(a)#0. By (a) of the definition of
weakly basic, there exists m € M such that vI')(a)l"),(m)#0; thus am#0. By (b),
there exists n e M such that, for some u e ¥; ul'\(n) ¢ null space I'y(a). Then
ul’y(n)I'y(a)#0; thus na#0. Since M is categorical at zero, nam#0; thus MaM
#0. Repeating the argument with MaM in place of M, we find that MaM - MaM
#0; thus aMa#0. Hence M has no nonzero nilpotent ideals and thus, by [4,
Corollary 5.13], M=0{M, :ie I} where each M, is O-primary. Therefore, by
Lemma 7.3, each M, is an ideal of S.

Pick 1 € 7 and let I'; denote the proper part of I'| M, ; then I'; is homogeneous
and hence, from Theorem 3.11, T'|M, satisfies the hypothesis of Lemma 7.2.
Thus, if M,;#M or I'|M, is not proper, I' is decomposable. Hence M= M, and
['|M=T; thus, by Theorem 3.11, I'| M is basic. Since M is thus O-primary, it follows
from Theorem 6.2, Corollary 1, that I" is basic.

COROLLARY. Let S=S° be a semigroup and let T be a representation of S of degree
n over a field ®. If, for each ideal N of S which is not contained in V(T'), the proper
part of T'|N has no null irreducible constituents, then T is basically reducible.

Proof. Suppose vI'y=0, where I'y is the proper part of T'| N, then since 'y has
no null irreducible constituents, v=0. Similarly, it is impossible that [¥ T y(N)]< ¥~

It is shown in [8] that, for finite semigroups, the converse of the above corollary
also holds.

We define a partial order on the set Z(S) of all secondary pairs of ideals of a
semigroup S=S° as follows:

(U, N)=(U, N) if and only if N's N and U'=N’' N U; thus (U’, N')< (U, N)
if and only if the diagram

<
N —>N

’
™ T

N'JU’ f—>N/U

commutes, where = and = are the natural homomorphisms and f is O-restricted.
A subset Z” of Z'(S) is a coinitial subset if, for each pair (U, N) € Z(S), there exists
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(U’, N')eZ" such that (U’, N')<(U, N). If Z' is a coinitial subset of Z(S), we
shall call the Rees factor semigroups N/U where (U, N) € Z’, secondary factors
in Z'.

EXAMPLE. Let S=.S° be a semigroup which obeys the minimal condition M, on
two-sided principal factors. Let Z’ be the set of all pairs (/(x), S*xS*), where
I(x)={ye S : S'yS*<S'xS'}, such that the principal factor J(x)=SxS/I(x) is
O-primary. Then Z” is the unique minimal coinitial subset of Z'(S).

Recall that a semigroup S=S° is quasi-simple over a field ® if each indecompos-
able representation of S over ® is basic.

THEOREM 7.5. Let S=S° be a semisimple semigroup and let &' be a coinitial
subset of Z(S). Let ® be a field; if each proper O-restricted homogeneous representa-
tion over @ of each secondary factor in &' is basic then S is quasi-simple over ®.

Proof. We need only show that each indecomposable representation of S over @
is basic; let I' be such. Since S is semisimple, M/V has no nonzero nilpotent ideals
and further, since I'(M) is homogeneous, M/V is categorical at zero. Hence, by
[4, Corollary 5.13], M|V =0{M,/V : i € I} where each (¥, M) is a secondary pair of
ideals of S.

Let (U, N) € Z’ be such that (U, N)<(V, M,). Then, by the hypothesis on %",
we can apply Lemma 7.2 to I" and N. Hence, if I'| ¥V is not proper, I' decomposes
which is a contradiction to its choice. Thus I'| N is proper and hence I' extends the
basic representation I'| N of N, which has vanishing ideal U. By Corollary 1 to
Theorem 6.2, this ensures that I is basic as required.

COROLLARY. Let S=S° be a semisimple semigroup which obeys the minimal
condition M; on two-sided principal ideals. If each proper representation of each
principal factor of S over a field ® is basic, then S is quasi-simple over .

In [8] it is shown that the converse of this corollary holds for finite semigroups.
The proof of the following theorem differs from that of Theorem 7.5 only in that
we use Theorem 6.4 instead of Theorem 6.2.

THEOREM 7.6. Let S=S° be a semisimple semigroup and let &' be a coinitial
subset of Z(S). Let ® be a field and suppose that each O-restricted homogeneous
representation, over @, of each secondary factor in Z' is completely reducible. Then
each representation of S over ® is completely reducible.

CorOLLARY (MUNN [10]). Let S=S° be a semisimple semigroup which obeys the
minimal condition M, on principal two-sided ideals. If each representation of each
principal factor of S over a field ® is completely reducible, then each representation
of S over @ is completely reducible.

8. Inverse semigroups. The theory given in previous sections applies, in partic-
ular, to inverse semigroups. For, clearly, any inverse semigroup S= S is semisimple
and further, if (U, N) e Z(S), ¥(N/U) is a Brandt semigroup thus each of its



1969] BASIC REPRESENTATIONS OF ARBITRARY SEMIGROUPS 341

proper representations is basic; [1, Theorem 8.2]. Hence each proper O-restricted
homogeneous representation of N/U is basic. By Theorem 7.5, we have the
following theorem, which can also be deduced from the results of Preston [14].

THEOREM 8.1. If S=S° is an inverse semigroup and ® is any field then S is
quasi-simple over ®.

The structure of the basic representations of an inverse semigroup is much
simpler than the structure of basic representations of an arbitrary semigroup. Such
representations are described in the following theorem, the proof of which is
entirely analogous to that of Munn’s theorem on irreducible representations of
inverse semigroups [13].

THEOREM 8.2. Let S=S° be an inverse semigroup and let ® be a field.

(I) Let T be a basic representation of S of degree n over ®.

(@) (V, M) is a primary pair and is maximal in Z(S). Further €(M|V) has only a
finite number of nonzero idempotents, ey, ..., eyp where r divides n. T' induces a
unique basic representation T'* of €(M|V) such that the diagram

M
T\ M
(.1 b [©].
/
EM[V)

commutes, where $=m), = the natural homomorphism of M onto M|V and v the
natural Q-restricted homomorphism of M|V into €(M|V).

®)

(8.2) z T*(e) = I,
(c) For each s€ S,

®3) I(s) = 3 I*(ew).

1

(II) Let (U, N) be maximal in Z(S) and suppose that €(M|V) has only a finite
number of idempotents e, . . ., exp. Then €(M|V) has a proper representation T
of degree n over ® where n is any integral multiple of r.

(d) (8.2) is satisfied and the mapping T' defined by (8.3) is a basic representation
of S of degree n over ® such that the diagram (8.1) commutes with M replaced by N
and V replaced by U. Further V(I')=U and M(T")=N.

(e) T is indecomposable if and only if the same is true of T'*; it is irreducible if
and only if T* is irreducible.
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Theorem 8.1 of [1] and Theorems 8.1 and 8.2 here give a complete description of
all representations of an arbitrary inverse semigroup. Further, from Munn [12}, if
(U, N) is maximal in Z(S), €(N/U) is N/o where

o={(x,y)e NxN:xz=yz¢ Uforsomeze N} UUxU;

o is a congruence on N.
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